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The problem of overcoming the energy barrier by the K+ cation when it enters a spherical 

water cavity with a diameter of one nanometer of the potassium channel of a biomembrane is 

important for biological applications [1, 2]. The energy of the image forces Uim acting on K+ in the 

center of cavity is calculated by the Eq.(1), in which Rcav is the radius of the cavity (Rcav = 5Å):                                                                                              

Uim = (e2/2Rcav){1/εp – 1/εcav},  (in [1] εcav = εS ≈ 80; in [2]: εcav = ε2 ≈ 5),                                             (1)             

where εp is the dielectric permittivity of the protein environment of the cavity, εcav is the dielectric 

permittivity in the cavity, which for water in cavities with a diameter of the order of a nanometer is 

approximately equal to 5, which was shown in [3] by molecular dynamics methods. In Fig. (b), the 

energy calculated by Eq.(1) is represented by circles, and the calculation was carried out at εcav = εS ≈ 

80, as suggested in the paper [1].  

 Let us consider the change in Δμ of the standard chemical potential K+ during its transition 

from solution to cavity the channel. The change in Δμ is calculated by Eqs. (2)-(3), in which rK is the 

radius of K+, (sub index CE is for classical electrostatics, NE is for nonlocal electrostatics): 

 ΔμCE = (e2/2rK)[1 – 1/εs] – (e2/2rK)[1 – 1/εcav],   (εcav  = 5).                                                                  (2) 

To derive the Eq. (2), the classical Born’s formula is used twice. Then the first term in (2) is the ion 

solvation energy in a free solution, and the second term is the energy of solvation in the channel 

cavity. Since the calculation of the ion solvation energy according to the classical Born’s formula 

gives values that are very different from the experimental ones, we calculate WNE the energy in a free 

solution (the first term in (3)) according to the formulas of nonlocal electrostatics [4]. In this case, the 

energy of solvation of the cation in the channel cavity (the second term in (3)) is still calculated by the 

classical Born’s formula: 

 ΔμNE =  WNE – (e2/2rK)[1 –  1/εcav],      (εcav  = 5),                                                                                 (3) 

where WNE is the solvation energy of K+ in a free solution, which is calculated by Eqs. (4)-(5) in 

accordance with paper [4]:                  

WNE = (e2/π) ∫  [sin krK /krK]2[1 – 1/ε(k)] dk,    (0 < k < ∞),                                                                  (4)   

ε(k) = εo(k) + εs /[kLD]2,                                                                                                                         (5) 

where k is wave number, ε(k) is the Fourier transform of the dielectric function of the solution with 

the Debye length LD (LD ≈ 8 Å at с = 0.15 М), εs ≈ 80, εo(k) is the dielectric function of water, which 

for the three-pole model of water [5-8] has the form (6), where the three terms reflect contributions of 

the electronic, vibrational and (orientational) long-range structure components of the polar solvent, λi 

are the corresponding correlation lengths: λ1 ≅ 0.5 Å for the electronic mode, λ2 ≅ 1 Å for the 

vibrational mode, λ3 ≡ Λ ≅ 5 Å for the orientational mode. Coefficients, Ci, can be expressed via 

effective dielectric constants of this medium: C1 = (1–1/ε1) = 0.444, C2 = (1/ε1−1/ε2) = 0.352, C3 = 

1/ε2−1/ε3 = 0.191; ε1 = 1.8, ε2 = 4.9, ε3 ≡ εS = 78.5 (εS is the static dielectric permittivity of water)                                                                                                                                           

[1/εo(k)] = 1 − { C1 /[1 + (k λ1)2] + C2 /[1 + (k λ2)2] + C3 /[1 + (k λ3)2]}.                                               (6)    

The change in the free energy ΔG of the transition of the ion from the solution to the channel 

cavity is calculated by Eqs. (7)-(8), in which Uim is the energy of the image forces acting on the cation 

located in the center of the cavity (Uim is calculated by formula (1) with εcav  = 5):                                                  

ΔGNE = ΔμNE + Uim,    (NE – nonlocal electrostatic)                                                                             (7) 

ΔGCE = ΔμCE + Uim,    (CE – classical electrostatic)                                                                              (8) 

The figure shows the graphs of the dependences of the change in the free energy of the ion, the change 

in the chemical potential and the energy of the image forces acting on the ion in the center of the 

water cavity as a function of the dielectric permittivity of the protein environment of the cavity. 



 

Figure. Dependence of the change in free energy ΔGNE and ΔGCE (Eqs. (7)-(8), solid curves) of the transition of 

the K+ cation from a free solution to the center of a spherical water cavity with a radius of 5 Å on the dielectric 

permittivity εp of the medium surrounding the cavity. Also shown are changes in the chemical potential in Δμ of 

the cation (horizontal dashed lines, calculation by Eqs. (2), (3)), and the energy of the image forces Uim (dashed 

lines, calculation by formula (1) with εcav = 5). All energies are given in the kBT units. In Fig. b, circles represent 

the calculation of the energy of the image forces, under the assumption that the static dielectric constant in the 

cavity is the same as in free water, as suggested in paper [1]. 

Let us try to understand why it was believed in [1] that the static dielectric constant of water 

in the channel cavity is the same as in a free solution. If we assume that the static value of εcav in the 

cavity is 5, then the calculation by Eq. (3) of the change in the chemical potential of the ion during its 

transition into the cavity gives too large values, as can be seen from Fig. (b). Then the change in free 

energy, calculated by Eq. (8), will be more than 30, as one can see from Fig. (b). Since exp(-30)<<1, 

then in this classical model based on Born’s formula, it is impossible to explain the overcoming of the 

energy barrier by the ion when entering the channel cavity. When using the nonlocal electrostatic 

theory to calculate the energy of solvation of an ion in a solution, the change in the free energy of the 

ion is greater than zero for εp < 3.8 and less than zero for εp > 3.8, as can be seen from Fig. (a). 

Therefore, in the first case, the ion is pushed out of the cavity, and in the second, on the contrary, it is 

draw into the cavity. Note that the effect of ion pulling is purely nonlocal electrostatic, and it was 

discussed in [9] for the entry of an ion into cylindrical pores. 

From Fig. (a) it follows that for εp = 3.8 the change in free energy is zero (ΔGNE = 0, point on 

the curve ΔGNE(εp)). Therefore, calculations based on nonlocal electrostatics (NE) explain the 

stabilization of K+ in a nanometer-sized cavity, in contrast to calculations of ΔG by classical 

electrostatic (CE) (Fig. (b)) and conclusions made in [1].  
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